Background: Transcranial magnetic stimulation (TMS) is currently the only non-invasive neurostimulation modality that enables painless and safe supra-threshold stimulation by employing electromagnetic induction to efficiently penetrate the skull. Accurate, fast, and high resolution modeling of the electric fields (E-fields) may significantly improve individualized targeting and dosing of TMS and therefore enhance the efficiency of existing clinical protocols as well as help establish new application domains.
Introduction

GHz (Saturnino et al 2019b, Saturnino et al 2019c).
23
In this article, we present an alternative modeling approach for fast, high-resolution modeling 24 of transcranial magnetic stimulation (TMS). The mathematical algorithm is based on the direct 25 formulation of the boundary element method in terms of induced charge density at the interfaces 26 naturally coupled with the fast multipole method or BEM-FMM originally described in vi. Precise coil modeling and optimization. By employing the fast multipole method, it is 48 possible to model and optimize off-the-shelf and/or custom-designed coil CAD models 49 composed of hundreds of thousands of elementary current elements (Makarov et al 2019) . 50 The first goal of this article is to provide a detailed description of the BEM-FMM numerical 51 algorithm, including several critical improvements, in the Materials and Methods section. The 52 section also details the procedure for importing a head model, the head models available with the 53 software, built-in surface remeshing tools, and NIfTI viewer tools. 54 The second goal of the study is to demonstrate the resulting method's speed, accuracy, and 55 resolution, and illustrate the method's capabilities based on several realistic TMS scenarios given 56 a high-resolution head model including gyral/sulcal folding patterns and a precise coil model (the 57 Results section). Particular attention is paid to electric fields in the vicinity of the inner cortical 58 surface (the white-gray matter interface). The normal field just inside the inner cortical surface 59 (which is significantly higher than the field just outside) and the normal field discontinuity 
where 0 is dielectric permittivity of vacuum. The electric field is discontinuous at the interfaces.
91
When approaching a charged interface with a normal vector from either direction (inside or 92 outside with regard to the direction of the normal vector), the electric field is given by 
100
The result has the form 
103 where the electric conductivity contrast = − + is defined at the interface(s). Here, ,
Treatment of interfaces 116
If the surface is a 2-manifold object with no contact to other surfaces (a "nested" topology where 117 each of the surfaces is associated with a single unique exterior compartment), is simply the 118 outer normal vector to the surface; is the conductivity inside the object; and is the 119 conductivity of the surrounding medium. If two objects (1 and 2) are in contact with each other as shown in Fig. 1 , the joint interface between them should be counted only once. In Fig. 1 
143
for any conducting interface . We should note that the normal component of the total E-field 144 just inside/outside conductivity boundaries depends explicitly only on the induced surface charge 145 density.
146 147
Charge conservation law
148
The charge conservation law is not explicitly included in Eq. (4); it must be enforced in the form
In Eq. (6) 
163
The double potential integrals present in Eq. (7) Eq. (7) using the center-point approximation at face centers , yielding
This problem is equivalent to finding the electric field at target points generated by the point 179 charges located at source points . 
202
Examples of detailed TMS coil models are shown in Fig. 2 ; the coil geometry generator of the 203 toolkit is described in Appendix A.
205
Excitation
206
The excitation is the term on the right-hand side of Eq. (4) In the iterative matrix-free solution, Eqs. (4) and (6) 
233
where triangles share an edge with triangle . Eq. (11) has been implemented in the code.
234
For a very fine mesh, it could be applied twice to expand the relative averaging domain. 
Implementation and distribution
269
The complete BEM-FMM algorithm is implemented entirely in MATLAB  2019 for both
270
Windows (runs as is) and Linux (may require machine-specific compilation of the FMM library).
271
As mentioned above, the software includes the latest FMM library (Gimbutas et al. 2019) and is bundled together with remeshing and registration modules. The complete package is available to 273 interested researchers via a Dropbox repository (Dropbox 2019).
275
Results
276
Necessary number of iterations for the iterative solution
277
A critical point for the both the speed and performance of the method is the number of GMRES
278
iterations to be used in the iterative solution. This number, which determines the overall 279 algorithm's speed, was not quantified before.
280
In order to establish the representative estimate, six Connectome Project head models (subject Further, the remeshing program described above was applied. As a result, a coarser set with an 
298
In every case, the coil was positioned in order to follow three geometrical rules: 
306
These rules uniquely define the coil position and the rotation angles.
307
The most sensitive error parameter is the value of the absolute maximum field observed at the 308 cortical interfaces and the exact position of this local maximum. Figs. 3 a, 
Overall method speed 327
Based on results shown in Fig. 3 and quantified in Table 1 , we estimate the speed of the method 328 sufficient for an accurate solution pertinent to different model resolutions in Table 2 . A 
Modeling example: computing total, tangential, and normal fields at the interfaces 337
The developed algorithm is applied to accurately compute normal, tangential, and total electric 338 fields anywhere in the cerebral cortex for a specific subject and a specific coil orientation. In this 339 example, particular attention is paid to modeling the field in the vicinity of the folded white-gray 340 matter interface (the inner cortical surface).
341
Electric fields in the brain were simulated using the MRi-B91 coil model, located above the 342 motor hand area of the right hemisphere in six distinct subject models of the Connectome Project 
354
A different situation occurs when we evaluate the total field magnitude just inside the inner 355 cortical surface or the white matter shell, as shown in Fig. 4b . Here, the absolute field maximum 356 is somewhat lower and computed to be 138.6 V/m. However, the field has become quite focal;
357
the maximum field is concentrated in a well-defined domain marked by an arrow in Fig. 4b .
358
Remarkably, this focal domain resides in the area of the superior parietal lobule, just behind the 359 postcentral sulcus and rather far away from the targeted hand knob area of the precentral gyrus.
360
The distance from the coil centerline intersection with the white matter shell to the center of the One can see that, in the majority of cases in Fig. 5 , the TMS response with regard to the normal 393 inner cortical field becomes sparse and often significantly deviates from the coil centerline. The 394 intersubject variations are also strong.
395
In this example, the most remarkable result has been observed for subject #110411 (Fig. 5a ).
396
The total WM area covering 80-100% of the maximum field in Fig. 5a 
Modeling example: computing high-resolution volumetric field distributions
411
To demonstrate the BEM-FMM algorithm's field resolution capability, we consider the region in 412 the vicinity of the E-field maximum in Fig. 5a , where the electric field likely changes very 
467
A surface model with 70 M facets has been considered and computed with the present toolkit.
468
For the same 2.1 GHz multicore server listed in Table 2 , the corresponding execution time interface.
488
The method accuracy is only limited by the surface segmentation itself and not by the accounts for the interface field discontinuities. Some FEM solvers (e.g., ANSYS Maxwell, see
508
Htet et al 2019a) also resolve these discontinuities precisely whereas others (for example,
509
SimNIBS) may perform spatial smoothing instead.
510
It should be noted that the infinitely-thin white-gray matter interface is a physical modeling 
517
The BEM-FMM approach correctly computes the finite difference, , following Eq. (5), but
518
, the "effective" thickness of the white-gray matter interface, remains unknown for this and 519 other macroscopic methods where it is set to zero.
520
Fortunately, a solution of the cable equation with the abrupt field discontinuity does exist; it 521 predicts the finite values of the transmembrane potential proportional to (Miranda et al 2007) .
522
This solution might perhaps contain more meaningful information than / found on the base 
Conclusions
530
In this study, we have described the improved BEM-FMM numerical algorithm for TMS interface geometries, allowing non-nested surface models to be used.
539
The improvements have increased the method speed by a factor of approximately 3, while sec using a 2.1 GHz multicore server.
544
The algorithm is based on the new general-purpose FMM kernel developed by the group of L. Fig. 2 . Some solid CAD models created using the MATLAB-based coil geometry generator. Fig . 6 . a) -Sagittal plane passing through the location of the maximum field at the white-gray matter interface and superimposed onto the corresponding NIfTI slices when using the MagVenture MRiB91 coil located above the hand knob area of the right precentral gyrus of subject #110411. The red dots indicate the centers of intersected white matter facets where the absolute field value is in the range of 80-100% of the maximum field value. b) -volumetric total field (magnitude) distribution within the small white rectangle in Fig. 6a . Blue color -CSF-gray matter interface, purple color -white-gray matter interface, yellow color -skull-CSF interface. 
